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Via extensive Monte Carlo simulations along with systematic analyses of corrections to scaling,
we estimate the order parameter critical exponent β of absorbing phase transitions in systems with
two symmetric absorbing states. The value of β was conjectured to be 13
14
≈ 0.93 and Monte Carlo
simulation studies in the literature have repeatedly reproduced values consistent with the conjecture.
In this paper, we systematically estimate β by analyzing the effective exponent after finding how
strong corrections to scaling are. We show that the widely accepted numerical value of β is not
correct. Rather, we obtain β = 1.020(5) from different models with two symmetric absorbing states.
I. INTRODUCTION
Absorbing phase transitions have been extensively
studied and have played an important role in figuring
out a theory as to what determines the universal critical
behavior in nonequilibrium systems [1, 2]. To find criti-
cal exponents accurately is probably the most important
starting point of formulating such a theory, unless an
analytic method is available. In this regard, the contro-
versy [3, 4] as to whether the pair contact process with
diffusion [5] belongs to the directed percolation univer-
sality class or not is a vivid example of the importance
of accurate values. Up to now, many universality classes
have been found in absorbing phase transitions, but crit-
ical exponents with high accuracy are available only for
a small fraction of the classes; a notable example is the
directed percolation (DP) class in one dimension [6].
Based on numerical simulations, in the mean time,
Jensen [7] conjectured exact rational numbers about the
critical exponents of systems with two symmetric absorb-
ing states, which would in turn suggest a solvability. We
would like to mention in passing that the universality
class with two symmetric absorbing states is referred to
in several ways, such as parity conserving class [8, 9],
directed Ising (DI) class [10], Z2-symmetric directed per-
colation or DP2 [1] class, and generalized voter class [11].
In this paper, we will use the term DI class.
Recent extensive simulations [12], however, refuted the
conjecture, though some exponents such as β/ν⊥ and η
still remain within the conjecture (12 and 0, respectively).
In particular, it remains an open question to understand
why η seems to be exactly zero [13, 14].
Although most exponents of the DI class have been
found with accuracy [12, 13], an unequivocal estimate
of the order parameter exponent β still remains open.
In Ref. [7], β was conjecture to be 1314 ≈ 0.93, which
has been repeatedly reproduced within error bars in the
literature [7, 15–20]. However, many numerical analy-
ses are based on a (naive) power-law fitting of the form
∆β , where ∆ is the distance from the critical point. A
power-law fitting is error-prone due to the presence of
corrections to scaling, even if one happens to know the
exact critical point. More systematic studies analyzing
the effective exponent are actually available [18, 19], but
corrections to scaling are not analyzed systematically in
these studies.
Since the conjecture by and large turned out to be in-
valid, it is necessary to check if β remains within the
conjecture just like η and β/ν⊥. In this paper, we would
like to answer this question by extensive Monte Carlo
simulations. To this end, we first introduce a systematic
data-analysis method, including how to estimate correc-
tions to scaling. Using the method, we find the order
parameter exponent β.
The structure of this paper is as follows. In Sec. II,
we explain the models and introduce quantities that we
are interested in. In particular, we suggest a method to
analyze corrections to scaling, which allows for a system-
atic estimate of β. Section III presents simulation results.
Then we summarize the work in Sec. IV with a discussion
about the implications of our conclusion.
II. MODEL AND METHODS
In this paper, we study two kinds of one-dimensional
models: the branching annihilating random walks with
2m offspring with positive integer m, which will be ab-
breviated as BAW(2m) [21] and the contact process with
two-particle branching and annihilation, which will be
called CP2 in short [22]. For the BAW(2m), we consider
two different cases: m = 1 (two offspring) and m = 2
(four offspring). Note that BAW(2m) and CP2 in one
dimension can be mapped to models with two symmet-
ric absorbing states and are believed to belong to the DI
class in one dimension.
For all the models, we consider a one-dimensional lat-
tice, whose size will be denoted by L, with periodic
boundary conditions. Each site can accommodate at
most one particle. A site with (without) a particle will
be denoted by A (∅) and we will say that this site is
occupied (vacant). The initial condition is always such
that every site is occupied.
In the BAW(2m), each particle can hop to one of its
nearest neighbors with rate p. The hopping is unbiased.
That is, one of its nearest neighbors is chosen with equal
2probability in the hopping events. With rate 1− p, each
particle can branch 2m offspring: m offspring will be
placed atm consecutive sites on the right (left) hand side
of the branching particle. If two particles are to occupy
a same site by any attempt, the attempt is ignored with
probability 1 − q and with probability q two particles
at the same site are removed immediately (A + A →
∅), which makes all sites accommodate at most a single
particle at all time.
The rules of the CP2 can be represented as
AA→ ∅∅ with rate 1,
∅∅A or A∅∅→ AAA with rate λ. (1)
We note that the CP2 with the fully occupied ini-
tial condition is identical to the one-dimensional inter-
acting monomers model with two symmetric absorbing
states [23], though they are different in higher dimen-
sions [24].
In this paper, we are interested in the behavior of the
density ρ(t) of occupied sites at time t and its steady
state value ρs, defined as
ρ(t) ≡ 1
L
L∑
i=1
〈σi(t)〉, ρs ≡ lim
t→∞
ρ(t), (2)
where σi(t) = 1(0) if site i is occupied (vacant) at time t,
〈. . .〉 stands for average over ensemble, and we implicitly
assume the infinite L limit for the definition of ρ(t).
Close to the critical point, scaling behaviors of these
quantities are expected to be
ρ(t) = t−δF
(
∆t1/ν‖
)
,
ρs(∆) = A∆
β [1 +B∆χ + o(∆χ)] , (3)
where ∆ is the distance from the critical point; β, ν‖, δ
are critical exponents with the relation δ = β/ν‖; F is
a universal scaling function; the exponent χ dictates the
strength of the leading corrections to scaling; o(x) stands
for all terms that decay faster than x as x → 0; and A,
B are constants. We choose ∆ to be positive when ρs is
nonzero, that is, when the system is in an active phase.
The efficient and systematic way of finding critical
point as well as the critical exponent δ is to analyze the
effective exponent −δe defined as
−δe(t; b) = ln[ρ(t)]− ln[ρ(t/b)]
ln b
, (4)
where b is a constant larger than 1. For ease of analysis,
i-th measurement of the density is done at (integer time)
Ti defined as
Ti =


i, for 1 ≤ i ≤ 40,⌊
40× 2(i−40)/15⌋ , for 41 ≤ i ≤ 55,
2Ti−15, for i ≥ 56,
(5)
where ⌊x⌋ is the floor function (greatest integer that is
not larger than x). Note that the time span correspond-
ing to 50 measurements for t > 40 is roughly one decade
on a logarithmic scale. With this choice of measurement
timing, the effective exponent can be easily calculated if
we set b = 2k (k = 1, 2, . . .). To find the critical point
as well as the critical exponent δ, we need information
about corrections to scaling, which can be obtained by a
method suggested in Refs. [4, 12].
After having the critical point, we estimate β by ana-
lyzing the effective exponent βe, defined as
βe(∆; b) ≡ ln[ρs(b∆)/ρs(∆)]
ln b
= β +B∆χ
bχ − 1
ln b
+ o(∆χ), (6)
where b is a constant. The effective exponent can be stud-
ied systematically if we get the stationary state density
at regular values of ∆ on a logarithmic scale. In practice,
we simulated systems at ∆ = ∆n, where
∆n = 2
n/2 × 10−3. (7)
With this choice, we will set b = 2k/2 (k = 1, 2, . . .).
Unless ∆ is sufficiently small, βe is significantly affected
by corrections to scaling that are characterized by the
exponent χ. Accordingly, an accurate estimate of β from
βe requires information about χ. Using an idea similar
to that in Ref. [4, 12], we introduce the corrections-to-
scaling function Q defined as
Q(∆; b, χ) =
ln ρs(∆) + ln ρs(b
2∆)− 2 ln ρs(b∆)
(bχ − 1)2 . (8)
If we have the correct value of χ, Q behaves in the asymp-
totic regime (∆ → 0) as Q ≈ B∆χ without dependence
on b. This fact will be used for a consistency check of the
χ estimate.
With the value of χ, we analyze βe as a function of ∆
χ,
which should be a straight line for the small ∆ regime.
Hence, we can find β by a linear extrapolation.
III. RESULTS
In this section, we present simulation results. Let us
begin with the BAW(4) with q = 1. We first find the
critical point by studying the effective exponent −δe. We
simulated a system of size L = 223 up to time t = T309 ≈
107 and the density is averaged over 800 (for p = 0.7219)
or 1000 (for other cases) independent runs.
In Fig. 1, we depict −δe with b = 16 against t−0.5 for
p = 0.7219, 0.721 94, and 0.721 98. We would like to men-
tion in passing that the leading behavior of corrections
to scaling was found to be t−0.5 by the method in Ref. [4]
(details not shown here). The curve for p = 0.7219
(0.721 98) clearly veers up (down), indicating that the
system is in the active (absorbing) phase. Accordingly,
we find pc = 0.721 94(4) and δ ≈ 0.2872. This critical
point should be compared with that in Ref. [7], which is
0.7215. Notice that the numerical value of δ estimated
in Fig. 1 is consistent with the result in Ref. [12].
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FIG. 1. Plots of −δe vs t
−0.5 for p = 0.7219, 0.721 94, and
0.721 98 (top to bottom) for the BAW(4). Here, b is set to
16. δe for p = 0.721 94 approaches 0.2872, the value of the DI
class [12], while the other curves deviate from the straight line
behavior as they approach the ordinate. Hence we conclude
pc = 0.721 94(4), where the number in parentheses indicates
the uncertainty of the last digit.
Having the critical point pc, we found the steady state
density at ∆ ≡ pc − p = ∆n. We simulated systems of
size 220 or 221, which are large enough for the finite size
effect not to affect the steady state value significantly.
For better statistics, we take the average over 1000 (n ≥
8) or 2000 (n ≤ 7) independent realizations. In Fig. 2,
we present the resulting ρ(t) for various n’s.
When we calculated the steady state density ρs, we
took an average over the last 25 measurement points,
which correspond to a half-decade on a logarithmic scale.
This averaging procedure to find the steady state density
is also applied to other models, to be studied soon. We
obtained ρs with error of size ∼ 10−5 (the relative error
10−2
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t
FIG. 2. Double logarithmic plots of ρ vs t at p = pc − ∆n
with n = 5, 6, . . . , 15 (bottom to top) for the BAW(4). ∆n is
defined in Eq. (7).
0.05
0.1
0.2
0.4
10−2 10−1
(a)
0.6
0.7
0.8
0.9
1
1.1
0 0.05 0.1 0.15 0.2 0.25
(b)
0.9
0.95
1
1.05
0 0.1 0.2 0.3 0.4
(c)
−Q
∆
n = 1
n = 2
n = 3
n = 4
β
e
∆0.7
β
e
∆0.6
FIG. 3. (a) Plots of −Q vs ∆ for b = 2n/2 with n = 1, 2, 3, 4
(top to bottom) on a double logarithmic scale for the BAW(4).
The line segment with slope 0.7 is to guide to the eyes. (b)
Plot of βe vs ∆
0.7 with b = 2 for the BAW(4). The horizontal
line indicates the value 13
14
≈ 0.93. The extrapolation gives
β = 1.020(5). (c) Plot of βe vs ∆
0.6 with b = 2 for the
BAW(2). The extrapolation gives a result consistent with the
BAW(4).
for n = 5 is about 10−3, which is the largest in our data).
To find β, we first analyze Q, defined in Eq. (8). First
of all, we would like to mention that Q is found negative,
which indicates that B in Eq. (3) is negative. Actually,
we found B ≈ −2. Accordingly, βe should approach the
ordinate from below; see Eq. (6). In Fig. 3(a), we depict
−Q as a function of ∆ for b = √2, 2, 2√2, and 4. In this
plot, χ is set to be 0.7, which results in the asymptotic
behavior of Q being independent of b. Also, this choice
of χ is consistent with the asymptotic behavior of Q for
small ∆; see the line segment with slope 0.7 in Fig. 3(a).
Since we have found χ, we can now analyze the effective
exponent βe efficiently. In Fig. 3(b), we plot βe with b = 2
against ∆0.7, which shows a nice straight line behavior
for small ∆. As anticipated, βe indeed decreases with ∆.
By a linear extrapolation, we find β ≃ 1.020(5), where
the number in parentheses indicates uncertainty of the
last digit. For comparison, we also draw the conjectured
value 1314 in Fig. 3(b) as a horizontal line. Obviously, the
effective exponent goes beyond 0.93, which shows that
the conjecture about β cannot be correct. We would
like to mention that other choices of b give a consistent
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FIG. 4. (a) Plots of −δe vs t
−0.45 for the CP2 with b = 16.
The values of λ are λ = 0.8928, 0.892 87, and 0.892 95 (bottom
to top). −δe for λ = 0.892 87 exhibits a linear behavior, while
−δe for λ = 0.892 95 (0.8928) veers up (down) for large t,
which gives λc ≈ 0.892 87. (b) Plot of βe vs ∆
0.7 for the CP2
with b = 2. The result of a linear extrapolation for small ∆
is drawn as a straight line, which gives β ≈ 1.02.
conclusion (details not shown here).
We also studied the behavior of the steady state den-
sity for the BAW(2) with q = 0.5. The critical point
of this case is available from Ref. [12], which is pc ≃
0.494 675(25). We use this value for the following anal-
ysis. We simulated the BAW(2) at p = pc − ∆n for
n = 10, 11, . . . , 17 with system size L = 220. The number
of independent runs ranges from 1000 to 2000.
We first analyzed Q to obtain χ = 0.6 (details not
shown here). Since the exponent of the leading behavior
of corrections to scaling is not universal, it is not sur-
prising that χ of the BAW(2) is different from that of
the BAW(4). With this estimate of χ, we also analyzed
βe, which is shown in Fig. 3(c). A linear extrapolation
gives an estimate β ≈ 1.02, which is consistent with the
estimate for the BAW(4).
Now we move on to the CP2. As we have already
noted, the CP2 is identical to the interacting monomers
model [23]. The critical point λc is available from
Ref. [23], but this value is less accurate because the anal-
ysis was based on the conjectured value of δ. So we will
find the more accurate critical point by analyzing −δe.
The simulated system size is 223 and the longest ob-
servation time (for λ = 0.892 87) is T309. ρ(t) is obtained
by averaging over 1000 independent realizations. We first
found the exponent of corrections to scaling to be 0.45
(details not shown here). Using this value, we plot the ef-
fective exponent −δe as a function of t−0.45 in Fig. 4(a).
From this analysis, we conclude that the critical point
is λc = 0.892 87(8), which is indeed different from that
found in Ref. [23]. The critical exponent δ is found to be
around 0.2872.
To obtain ρs, we simulated a system of size L = 2
20 at
∆ ≡ λ − λc = ∆n with n = 9, 10, . . . , 18. For each case,
1000 independent runs are averaged. We first estimated
χ to be 0.7 (details not shown here), which is used to
analyze βe. In Fig. 4(b), we depict βe against ∆
0.7. Again
by a linear extrapolation, we obtain β ≈ 1.02.
Since the numerical estimation of critical exponents is
influenced by the accuracy of the critical point, we have
to check how much the effective exponent βe is affected
by the error of the critical point. Let pic be the “exact”
critical point and pc be the numerically found critical
point. When p is close to pic in the active phase, the
steady state density is well approximated by
ρs(p) ≃ A|pic − p|β (1 +B|pic − p|χ) , (9)
where we have kept terms only up to the leading cor-
rection to scaling. If we expand ρs(p) around pc (rather
than the exact pic), we get
ρs(p) ≈ A|∆+Dc|β [1 +B|∆+Dc|χ]
≈ A∆β
[
1 +B∆χ + β
Dc
∆
]
, (10)
where Dc ≡ |pic − pc|, ∆ ≡ |pc − p|, and we have kept
terms up to Dc/∆. Notice that Dc is smaller than ∆
in our simulations. As in Sec. III, we find the effective
exponent
βe(∆; b) ≈ β +B∆χ b
χ − 1
ln b
− b− 1
b ln b
Dc
∆
. (11)
For b = 2, the largest error (for smallest ∆min in simula-
tions) due to the inaccuracy of the critical point is
2− 1
2 ln 2
|Dc|
∆min
=


5× 10−3, BAW(4),
6× 10−4, BAW(2),
3× 10−3, CP(2),
(12)
which is of size similar to the statistical error. Hence, the
inaccuracy of the critical point in our simulations hardly
changes the estimate.
We have studied three different cases and we consis-
tently obtain β = 1.020(5). The estimated β in this pa-
per along with results in Ref. [12] also gives ν⊥ = 2.04(1)
and ν‖ = 3.55(2).
IV. SUMMARY AND DISCUSSION
To summarize, we extensively studied a few models
that belong to the directed Ising (DI) universality class,
focusing on estimating the order parameter exponent
5TABLE I. Critical exponents of the DI class in one dimension.
Numbers in parentheses indicate uncertainty of the last digits.
Exponent Conjecture [7] Numerical values
β/ν‖
2
7
≈ 0.2857 0.2872(2)
β/ν⊥
1
2
0.5000(6)
z 7
4
= 1.75 1.7415(5)
η 0 0.0000(2)
β 13
14
1.020(5)
ν⊥
13
7
≈ 1.86 2.04(1)
ν‖
13
4
≈ 3.25 3.55(2)
β. We first analyzed the corrections-to-scaling func-
tion Q defined in Eq. (8). After finding the asymptotic
behavior of the corrections-to-scaling function for each
model, we analyzed the effective exponent βe, to arrive
at β = 1.020(5), which is clearly different from the widely
acknowledged value ≈ 0.93. Using the estimated value β
along with the estimates of other exponents in Ref. [12],
we also arrived at ν⊥ = 2.04(1) and ν‖ = 3.55(2), which
are larger than the conjectured values in Ref. [7]. Critical
exponents are summarized in Table I with comparison to
the conjecture.
Previous Monte Carlo simulations have repeatedly
found that β is around 0.93 (though its value is some-
what scattered). As we have shown in this paper, how-
ever, corrections to scaling are not negligible for the
BAW(2m) and the CP2. Thus, without taking them into
account, one can be easily misled by Monte Carlo sim-
ulations. Interestingly, our result is consistent with the
analysis of series expansions [22, 25]. It is also interest-
ing that nonperturbative renormalization group analysis
gives ν⊥ = 2± 0.1 [26], which is comparable to our esti-
mate ν⊥ = 2.04(1).
Many studies used either a power-law fitting [7, 17, 20]
or a scaling collapse [15]. To illustrate what we could
have concluded if we had not taken corrections to scal-
ing into account, we present a scaling collapse for the
BAW(4) in Fig. 5 using two sets of exponents. As one
can see, the conjectured exponents give a better-looking
scaling collapse than the more accurate values (see the
inset of Fig. 5). Since the conjectured values give an
“impressive” scaling collapse, a naive power-law fitting
to our data would have supported the conjecture.
The reason why a scaling collapse does not look perfect
with the accurate values of β and ν‖ can be explained by
the effective exponent in Fig. 3(b). The largest value of
βe we have is still somewhat away from the extrapolated
value. On this account, setting ρs ≃ A∆1.02 for our
data is an inaccurate approximation. Using B ≈ −2
and χ ≈ 0.7 for the BAW(4) obtained in Sec. III, we find
that βe becomes larger than 1 for ∆ < 0.0016. For the
system with ∆ = 0.0016, the steady state will be attained
after t ≈ 1010. Thus, it would be very difficult to have a
nice-looking scaling collapse with the correct exponents
for models belonging to the DI class.
100
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FIG. 5. Scaling collapse plot of ρ∆−β vs t∆ν‖ for the BAW(4).
Here ∆ = ∆n with n = 5, 6, . . . , 11 and we use β = 0.93 and
ν‖ = 3.25. Inset: Same scaling collapse plot with β = 1.02
and ν‖ = 3.55. Even though the exponents are more accurate,
the scaling collapse looks worse, which should be attributed
to the corrections to scaling not to the value of the exponents.
This discussion adds a caveat to numerical analyses of
critical phenomena. A nice-looking scaling collapse does
not mean that the critical exponents are accurately found
and, by the same token, a less impressive scaling collapse
should not be a reason to reject the possibility of there
being critical exponents. A scaling collapse can at best
be used to check consistency; whether a scaling collapse
is nice looking or not is too subjective. A scaling collapse
is reliable only when corrections to scaling are negligibly
small, which one cannot be sure of a priori. In the same
context, a naive power-law fitting is a misleading practice
when it comes to determining the critical exponents.
The effective exponent was actually studied in
Refs. [18, 19], which predicted β = 0.95(2). However, the
numerical error of the effective exponent in Refs. [18, 19]
is quite large. Besides, χ was set to 1 without any nu-
merical support in the analyses of the effective exponent
in Refs. [18, 19]. On these accounts, we claim that our
estimate is more accurate than that in the former stud-
ies [18, 19].
It might look strange that our estimate of β is larger
than the order parameter exponent of the mean-field the-
ory, which is 1. However, this observation is not com-
pletely inconsistent with the field theory [27, 28]. The
renormalization-group calculation up to one loop order
suggests that β → ∞ as dimension d approaches d′c = 43
from above [28, see page 20]. In this context, it is not im-
possible that β in lower dimensions is larger than the cor-
responding value in the mean field theory. Nonetheless,
it is hard to rule out that β is actually 1 and, accordingly,
ν⊥ = 2. If this is indeed the case, the DI class seems to
have (at least) three integer critical exponents, η = 0,
β = 1, and ν⊥ = 2. Since β and ν⊥ describe steady-state
behavior, solvability of the DI class in one dimension,
probably only for the steady state, might be still open
6(notice that β and ν⊥ of the two-dimensional Ising model
are fractional numbers, whereas dynamics exponent z is
presumably not; for a recent accurate estimate of z of the
two-dimensional Ising model with Metropolis algorithm,
see Ref. [29]). It would be an intriguing future project to
come up with a theory that explains whether β is exactly
1 or not.
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